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1. Introduction

Let m,n € N, where N denote the set of all natural numbers. In this paper, we
define and study an undirected simple graph G}, = (V,E) on a finite subset of
natural numbers, where the vertex set V = {1, 2, ..., n} and any two distinct vertices
u,v € V are adjacent if and only if m+ u - v. We study the connectedness, the
completeness, the edge degree, the diameter and the Eulerian property of G ,,. We
determine the values of m such that the average degree of non regular graph G, ,, is
an integer. We also find the values of m such that G}/, is balanced. One can refer
[1, 3] for graphs defined and studied on finite subset of natural numbers.

Throughout the paper for a vertex i € V, we mean the label of the vertex v = i
and uv denote the usual multiplication u - v. For terminology and notations that are
not defined here, we follow [7].

2. Connectedness of G,

We begin with some simple observations.
Observation 2.1. Letm = 1. Then G, ,, is a null graph with n vertices.

Observation 2.2. For 1 <m < n, the graph G}, is disconnected.
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We now present a structural property of the G,y ,, graph.

Theorem 2.1. Let 1 <m < nand m is a prime. Then G, , is disjoint union of
Kn_lﬁj and || copies of K;.

Proof. Let m be a prime, where 1 < m < n. The number of multiples of m up ton
is |2]. The vertex set V of G}y ,, can be written as the disjoint union of the sets V; and
V,, where

Vi={ieV: ged(im)=1} and V,= {j€ V: ged(j,m)=m}. Let
iy, i, € V1, then gcd(i;,m) =1 and gcd(iy, m) = 1, which gives gcd(i; - iy,
m)=1= m#t iy - iy, thusthe verticesi,, i, areadjacent. Let i; € V;, j,€ V5,
then gcd(iy,m) =1, gcd(j;,m) =m = m]|i; - j;.So,the vertices i, j; are not
adjacent. Hence the vertices in V; are not adjacent to any vertex j € V, asm| iy -
j, i €V, j € V,. Again, the vertices in V; form a clique of size n — |Z|. The
vertices in V, are not adjacent to each otherasm|j - k,j, k € V,. Andthe cardinality
of the set V; is |]. Thus the graph G o is disjoint union of Kn—[%] and || copies
of K;. The graph shown in Figure 1 illustrates the disconnectedness and the
components of G} ,, form < n.

M

m,n

Figure 1: The graph G, ,, for m = 3,n = 6.

Connectedness of G} , is explained in the next theorem.

Theorem 2.2. Let m > n. Then the graph G}/, is connected.

Proof. Let m > n and the vertex set V= {1,2,..,n}. Asm>n = m>1-
n=m>1-j for all je {2,3,..,n}, which gives mt1-j for all je€

{2,3,...,n}. Thus the vertex i = 1 is adjacent to all other vertices in G,’,‘{n, which
follows that G, is connected for m > n.
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Yieure 2: The grs M for
Figure 2: The graph G, for m = 10,n = 5.

3. Counting the Degree of a Vertex

In this section, we explain how to count the degrees of vertices of Gy, for natural
numbers m, n. Then we explain how to calculate the total number of distinct possible
degrees in G}, of order n for various values of m.

We determine the degree of a vertex as follows:

o Ifthe gcd(i,m) = 1, then the degree of the vertex i is deg(i) =n — 1.

o |Ifthe gcd(i,m)=i>1andm = i - j, where j > n, then the degree of
the vertexiisn — 1.

o |Ifthegcd(im)=i>1andm=i- j, wherej < n,such that
gcd(i, j) = 1, then the degree of the vertex i isn — 7] — 1.

o |Ifthegcd(im)=i>1landm=1i-j({# j,i,j < n), whereilj, then
the degree of the vertex i is deg (i) = n — [7] — 1 and the degree of the
vertex j isdeg(j) = n — |%].

e |Ifthe gcd(i,m)=i>1andm =i- i, then the degree of the vertex i is
deg(i) =n—[3].

e Ifgcd(i,m)=j>1andm =j- k, then the degree of the vertex i isn —
Iz — 1.

Lemma 3.1. Let i,j € V. Then the degrees of the vertices i,j are equal if

ged(i,m) = ged(j,m).

Proof. Let gcd(i,m) = gcd(j,m) = iy, i, j € V, i; € N. Then degrees of the
vertices i, j aresameasm = i; - lm then the degree of the vertices i, j is
1

n—[%j — 1.
()

For a given value of m, the various possible degrees of G}{ ,, of order n is explained.
We find the pair of factors {i; , j.}, fori,j = 1,2,...,t of m such that
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m= i 'j1=_i2 “J2 = e = e
and each of these factors of m, thatis, iy, iy, ..., i, j1,j2, ..., j are lessthan or equal
to n. Then the possible degrees of GM,are A = {n -1,n- [jﬁj —lorn-—
1

n n n n n n
lzj,n—lzl—lor n—lZJ,..., n—lﬁl—lor n—l;J,n—lZJ—lor n-—
[?—J} The cardinality of the set A gives the number of distinct possible degrees of
G .

It is natural to count the minimum number of vertices of degree n — 1. In fact,
the number of vertices of degree n — 1 allow us to know the minimum number of
integers in {1, 2, ..., n} that are co-prime to m. Let us assume that p,, p,, ..., Pk
be the k distinct primes present in the prime factorization of m, that is, m =
p1"p,"2 ... p ™k and B be the number of the vertices in V whose labels are
relatively prime to m. Let P; be the property that an integer is divisible by prime p;,
forl=1,2,..,k. LetA_l= {x:x € V and x has property P_l}. Then 4; N 4; isa
subset of V that have both property P; and P;. Similarly, A; n'A; N A, is a subset of
V that have the property P;, P; and F, and so on. Thus by using inclusion-exclusion
principle, we have B=n-—3X|A4;|+ 2|4, N4 -4 N4 N4+ +
(—1¥|A; N Ay N ...n Ay, where the first sum is over all 1-combinations j of
{1,2, ..., k}, the second sum is over all 2-combinations {l, j} of {1,2, ..., k} and so
on.

Example 3.1. Letn=21and m=36=2-18=3-12=4-9=6- 6. Then
the possible degrees of G} ,are A = {n — 1,n — 5l —Ln—ln—|5—-1Ln—
Zn=El-Ln-Fl-Ln-Z2}=n-1Ln-2n-100n—-2,n—-7n—
3n—6n—-6}=n—-—1,n—-2,n—-3,n—6n—7,n—10}. Thus, the distinct
possible degrees of G35 ,4 is the cardinality of .4, which is 6. Again, the number of
vertices in V whose labels are co-primetomisB=n— (3] + 5D + [3] = 7.
Now we find the degree of the vertices. As gcd(1,36) = gcd(5,36) =
gcd(7,36) = ged(11,36) = gcd(13,36) = gcd(17,36) = gcd(19,36) =1, the
degree of the vertices {1,5,7,11,13,17,19} are n — 1 = 20. Again gcd(2,36) =
gcd(10,36) = gcd(14,36) = 2, thus the degree of the vertices {2,10,14} are
equal. The degree of the vertex labeled as 2 is deg(2) =n— || -1=n—-2=
19. The degree of the vertex v =3 is deg(3) =n— || —-1=n—-2=19. As
gcd(3,36) = gcd(15,36) = gcd(21,36) = 3, so the degree of the vertices 15, 21
aren — 2 = 19. Similarly, it can be seen that the degrees of the vertices 4, 8, 16,20
are n — 3 = 18. The degree of the vertex u = 6 is deg(6) = n—[3|=n—-3 =
18. The vertex v = 9 is of degree n — |7] — 1 = 15. The degree of the vertex v =
12 is deg(12) =n— || =n—7 = 14 and the degree of the vertex v =18 is
deg(18) =n—|7] =n—10 = 11. Hence the various possible degrees of the
vertices are 20,19, 18, 15,14, 11.
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It is known that the number of divisors of x is denoted by o (x).

Let D be the number of distinct possible degrees of GA,,. We study the relation
between D and g, (m).

For 1 < m < n, let us define a binary relation p on V as follows:

Fora,b € V,ap b & gcd(a,m) = gcd(b, m).

Clearly p is an equivalence relation on V. Thus p partition the vertex set V into
equivalence classes. And the number of equivalence classes is equal to the number
of distinct factors of m that are less than or equal to n.

Theorem 3.2. For1 <m < n, D = gy(m).

Proof. Let1 <m < nand fi, f5,..., f; are the factors of m, then clearly the factors
of m are also less than or equal to n. It is clear that for any vertex u € V,
gcd(u,m) = f;, where f;,
is a factor of m, for i = 1,2, ...,t. Thus, the vertex set IV can be partitioned into ¢
disjoint subsets such as V3, V5, ...,V;, where t = g,(m) and each subset contain
vertices of V which have the same gcd with m.
We claim that the number of distinct possible degrees D is equal to a,(m). Let, if
possible, D > a,(m). Then there will a vertex w € V such that gcd(w, m) = m,,
where m, is not a factor of m, which is absurd. Again, consider the case that D <
oo (m).
Then there will be at least two partitions of the subsets of V such that all the vertices
in both the partition bear the same degree of the vertices. Let the two partitions of VV
be V; and V; where gcd(v;, m) = f; and gcd(u;,m) = fj, forv, € V;,w; € V;
and f;, f; are factors of m. Then = = - where m = f; - m; = f; - m;, which is
]

not possible as f; # fjand f;, fj, m;, m; <n.
Thus D = g,(m).

Example 3.2. Consider G, where m = 8 and n = 10. Then the number of factors
of misoy(m) =1+ 2° + 4° + 8% = 4. The vertices 1, 3, 5, 7 are co-prime to m =
8, s0 deg(1) =deg(3) =deg(5) =deg(7) =n—1=9. Again, the vertices
2,6,10 are not adjacent to the vertices 4,8 implying deg(2) = deg(6) =
deg(10) =n — 3 = 7. The vertex 4 is not adjacent to the vertices 2, 6, 8, 10, so
deg(4) = 5 and clearly the vertex 8 is of degree 0. Thus G, is a disconnected
graph with g, (8) = 4 distinct degrees such as 9,7, 5, 0.

4. The Structure of G}, for Various Values of m > n

For a given value of n, if m > n, G, is connected by Theorem 2.2. In this section
we consider the structure of G}, graphs where m > n. It is easy to see that G ,, is
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completeform > n(n—1)asm > n(n—1) = m > i- j,whichgivesm+t{i- j
foralli,je V.
We study the graph G, where m takes the value as mentioned below.

e aprime,

e amultiple of a prime,

e asquareofaprime 2] <p < n,

e asquareofaprimel <p < [7],

e productof i,j € V suchthatbothi,j < |7,

e product of i,j € V such that both [gj <i,j< n,

e productofi,j € Vsuchthati <|3|and ;> |7].

Theorem 4.1. Letn < m < n(n — 1). The graph G} , is complete if
(i) misaprime;
(if) m is a multiple of a prime p > n;
(iii) ? > n, fori < n is a factor of m;
(iv)ym = p? wherepisaprimeand |2] <p < n.

Proof. (i) Let m be a prime. Then, for all i,j € Vm#ti- j, which implies
deg(i) = deg(j) = n — 1. Thus, the graph G}{ ,, is complete.

(ii) Letm = my - p,wherem,; € Nandp >nbeaprime. Thenpti-j=m¢ i-

jforalli,j € V,whichimplies G}, is complete.

(iii) Let i < n be a factor of m and ? > n, then clearly [n/ﬂj = 0, which implies

deg(i) =n—1. Again, if j € V such that j is not a factor of m, then gcd(j,m) =

1 which gives the degree of the vertex j is n — 1. Hence G}, is complete.

(iv) Let m = p?, where p is a prime and |7] <p < n, then the gcd(i,m) = 1 for

all i(# p) € V implying deg(i) =n—1 for all i € V. It is clear that [gj =1,

which implies the degree of the vertex p € Visdeg(p) =n — 1.

Theorem 4.2. The maximum degree of the graph G ,, isn — 1.

Proof. Clearly, n — 1 is the highest possible degree of the graph G} ,with n vertices.
The vertexi =1 € Visofdegreen—1lasm¢+1- jforallje V.

Lemma43. Letn<m< n(n—1)andm=2- p,wherep € {|2| +1,..,n}is
a prime. Then (n-1)/2 vertices are of degreen — 1, (n — 1)/2 vertices are of degree
n — 2 and one vertex is of degree (n —1)/2, if n is odd; and (n — 2)/2 vertices
are of degree n — 1, n / 2 vertices are of degree n — 2 and one vertex is of degree
(n—2)/2,ifniseven.
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Proof. Letm = 2 - p, wherep € {|Z| + 1, ...,n} is a prime, then m divides only the
even multiples of p. Thus, any vertex j € V labeled as odd integer (except the vertex
p) is adjacent to all the vertices as m { j - k, for all k(# j) € V which gives the
degree of the vertex j is n — 1. The vertices labeled as even integers are of degree
n — 2 as they are not adjacent to the vertex p (as m|w - p, where the label of the
vertex w is even) and itself. The vertex p is adjacent to the vertices labeled as odd
integers (except itself) as 2p t j - p, where j € V is an odd integer. The following
two possibilities may arise:

Case I. Let n be odd, then E] = % vertices are labeled as odd integers and || =

112;1 vertices are labeled as even integers. Hence "T“ —1= (n—1)/2 vertices are

of degree n — 1, (n — 1)/2 vertices are of degree n — 2. The vertex w = p is of
n+1 (n-1)

degree — —1=—==

Case Il. Let n be even, then n/2 vertices are labeled as odd integers and n/2 vertices

are labeled as even integers. Thus n /2 —1 = (n—2) / 2 vertices are of degree

n—1, n/2 vertices are of degree n — 2 and the vertex w = p is of degree n/2 —

1=m-2)/2.

Lemma 4.4. Let m = p® >n, where p < |2|, then Gj{,, contain n — |2] vertices of
4 14
degree n — 1 and [gj vertices of degree n — [%J.

Proof. Let m = p?, where p is a prime and p < [5]. The vertex u € V is of degree

n — 1 if the label of u is not multiple of p. The number of multiple of p up to n is
[gj. Thus n — [gj vertices are of degree n — 1. Again, let w € V, such that the label

of w is multiple of p, then deg(w) =n — [gj as w is not adjacent to the vertices
whose labels are multiples of p. Thus [gj vertices are of degree n — [gj.
It is known that a split graph is a simple graph in which the vertices can be partitioned

into a disjoint union of clique and an independent set [4, 5].
Theorem 4.5. For m = p? > n, where p < [%J, G is asplit graph.

Proof. Letm = p? > n, wherep < [gj. By Lemma 4.4, the vertex set V of G}{ ,, can

be partitioned into two disjoint subsets V;, V, of V such that V; consist of the vertices
of degree n — 1 and V,, consist of the vertices of degree n — [SJ. Again, the vertices

in V; form a clique of size n — [EJ and, on the other hand the vertices of I/, form

independent set of size [EJ. Hence G, is a split graph.
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Lemma 4.6. Form =i - jandi, j are the unique factors of m such that i,j €
{5] + L 5] + 2,...,n} € V, then the possible degrees of the vertices in Gpt,, are
n—-1, n—-2}.

Proof. Letm =i - j such that i, j are the only factors of m, where EJ +1<

i,j < n. Then the degree of the vertex i is deg(i) = n — [?J — 1 and the degree of
the vertex j is deg(j) = n — [?J —1.As [%J +1<i,j< nso [?J = [?J =1.
Thus deg (i) = deg(j) = n — 2.

To find the degree of a vertex u € V where u # i, j, we may consider the
following cases:

Casel. Letu,v €{1,2,.., [%J} C V,thenu- v < i- j =m, which implies m }

u - v. Thus, the vertices u, v are adjacent.

Case Il. Letu,v € V suchthatu € {1,2, ..., [%J Lve {[?J +1,..,n}. Thenu-

v< i-j=m,thusmtu- v, hence the vertices u, v are adjacent.

Case lll. Letu,v € {[%J +1,..,n}. Asu # i,j andi,j are the unique factors of
m,sou- v+ i- jforall v, whichimpliesm t u - v, thus u, v are adjacent.
Hence from all the three cases it follows that for u # i, j, the degree of the vertex
uisn — 1. So, the possible degrees of the vertices are {n — 1,n — 2}.

Theorem 4.7. Form =i - j, where i, j are the unique factors of m such that i, j €
{51+ L151+2,...,n} € V, then G} ,is asplit graph.

Proof. Leti, jaretheunique factorsof msuchthatm =i - j, i, jE{[3| +1,[ 7] +
2,..,n} € V. By Lemma 4.6, the vertices i, j are of degree n — 2 and all other
vertices are of degree n — 1. Moreover, the vertices i, j are independent and the
verticesinV; =V \ {i,j} are of degree n — 1 forming a clique of size n — 2. Thus,
the vertex set V =V, U {i, j}, where V; is a clique and {i, j} is an independent set.
Thus G} , is a class of split graph.

Let I'= (V, Ep) be a graph. In [6], R. Gera et al. defined the edge degree of an edge
{a, b} € Er as follows:

deg({a, b}) = deg(a) + deg(b) — 2.
In this section the next few results are about the possible edge degrees and the sum
of edge degree sequence of G, for various values of m.

Theorem 4.8. For the unique factors i, j of m suchthatm =i - j, where i, j € {|Z] +
1, [gj + 2,...,n} € V,the possible edge degrees are 2n — 4,2n — 6, 2n — 5 and the
sum of edge degree sequence is n® — 7n? + 50n — 98.
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Proof. Let i, j are the unique factors of m such that m =i - j, where i,j € {|3]| +
1,|2] + 2,...,n}. Then by Lemma 4.6, G, contain n — 2 vertices of degree n —

1 and 2 vertices of degree n — 2. Thus, the degree of an edge {a,, b;}, where the
vertices aq, b; both are of degreen — 1,isn—1+n—1 — 2 = 2n — 4. Similarly,
we find the degree of an edge {a,, b,} is 2n — 6 if both the vertices a,, b, are of
degree n — 2 and the degree of an edge {as, b3} is 2n — 5 if the vertices a3, b are
of degree n — 1 and n — 2 respectively.

The sum of edge degree sequence is given by

Yviaperdeg({a,b) ={(n-2)+n—-2)-2}+ (") n-1+n—-1-2}+
2n—2){n—1+n—-2-2} =n3—-7n%+50n—98.

Theorem 4.9. For m = p? > n, where p < |2, the possible edge degrees are 2n —
4, 2(n— [gj -1), 2n— [gj — 3 and sum of edge degree sequence is n3 + (n —

R (F) pReh

Proof. Let m = p? > n, where p < |Z], then Lemma 4.4 asserts that there are
[gj vertices of degreen — [gj andn — [gj vertices of degree n — 1. Thus, the possible

edge degrees of G, are 2n — 4, 2(n — [gj —-1),2n— [gj — 3. And the sum of the
edge degree of G, is given by

D deg({ab)
v{a,b}€ E

=(n_lgj>(n—1+n—1—2)

2
+<1§J> (n= 3] +n-[5|-2)+ LEe-EDO-1+n

— L1 =2) =n*+ (@ - D5 - G —n@En - 2).

Theorem 4.10. Forn <m < n(n—1)andm =2 - p,wherep € {[3| +1,...,n}
is a prime, the sum of edge degree sequence isn(n — 1)(n — 2) — [ Z|(n — 1)(2n —

3) + (| 2])"(2n - 5).

Proof. Let m =2 - p, where p € {|7| + 1,...,n} is a prime. Applying Lemma 4.3,
we find the edge degrees by considering two cases.

Case I. Let n be odd then edge degrees of G,’,‘{n are2n —4,2n — 6, % 3n2_9
nZ

1
the sum of edge degree sequence of G, ,, is given by Yyq pje r{a, b} = (?) (n—

. And
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n-i n-1 n—1
1+n—1—2)+( : )(n—Z+n—2—2)+(T)(n—1+T—2)+
-2+ -2)=;(n—1)@2n? —5n-1).
3n—-8 3n-10

Case Il. Let n be even then edge degrees of G, are 2n — 4, 2n — 6, 5
And the sum of edge degree sequence of G}, is given by Yv{aple F1& b} =

n—2

n-z n -2 -1
(;)(n—1+n—1—2)+ (;)(n—2+n—2—2)+(n7}(n—1+nT—
2)+ Z(n—2+ 2—2) =1 [2n® — 7n? + 2n].

Theorem 4.11. The diameter of G}/, is 1, 2 or oo.

Proof. To find the diameter of G, , we consider the following cases.

Case I. Let m < n. Then the graph GJ!, is disconnected. So, the diameter of G/, is
0,

Case II. Let m > n(n — 1), then the graph G, ,, is complete so the diameter of the
graph is 1.

Case lll. Letn <m < n(n—1) and i, j, k are distinct vertices in V. The vertex
i = 1isadjacentto all other verticesk € Vasm t 1- k. Letthe vertices j, s are not
adjacent. Then the vertices j, s are connected via the vertex i = 1 as j is adjacent to
1 and 1 is adjacent to s. Thus, the diameter of G, ,, is 2.

5. Eulerian Property of GJ!,
Theorem. 5.1. Letn < m < n(n — 1). The graph Gy, is not Eulerian if n is even.

Proof. Let n be evenand n < m < n(n — 1). Then the degree of the vertex i = 1 is
n — 1 by Theorem 2.2, which is odd, thus G,",{n is not Eulerian.

According to Theorem 5.1, G,",’{,n is not Eulerian for even integer n, so in the
next results in this section we consider n as an odd integer to check whether
the graph G, , is Eulerian or not.

Lemmab.2. Letnbeoddandm = 2- j,j € {|2| +1,..,n} € V,thenG}y, isnot
Eulerian.

Proof. Let n be odd and m = 2 - j, where j € {|Z] + 1, ...,n}. The multiples of j in

{1,2,...,n}is j itself. So, the vertex i = 2 is not adjacent to the vertex j and itself,
which implies the degree of the vertex i = 2 isn — 2, which is an odd integer. Thus
Gl n is not Eulerian.
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Lemma.5.3. Letnbeoddandm =i - j, i,j € {[g] +1, [gj +2,..,n} € V, then
G is not Eulerian.

Proof. Follows from Lemma 5.2, as the degree of the vertex j isn — 2, which is odd.

Lemma 5.4. Let n be odd and m =i - j, where i € {1,2,...,| 2]} and j € {|Z] +
1,..,n}. Then G}, is not Eulerian.

Proof. Letm =i - j,wherei € {1,2,..,|2]}and j € {|3] + 1, ...,n}. The vertex i
is not adjacent to the vertex j or any multiples of j in {1, 2, ..., n}. Thus, the degree
of the vertex i isdeg(i) =n — [?J — 1 =n — 2, as the number of multiples of j up

tonis [?J = 1. Since n is odd, so n — 2 is odd, hence G} ,is not Eulerian.

Lemma55. Letnbe oddand m =i- j, where i,j € {1,2,..,|2}. Then G, is
not Eulerian if either || or [?J is an odd integer.

Proof. Let m =i - j, where i,j € {1,2,..., [gj}. Then in Gn”{,n, the vertex i is not
adjacent to the multiples of j in {1, 2, ..., n} as well as the vertex j is not adjacent to
the multiples of i in {1, 2, ..., n}. The number of multiples of i, j up to n is |%], [?J
respectively. Again, the vertex i is not adjacent to itself. Thus, the number of vertices
not adjacent to i is || + 1 and similarly the number of vertices not adjacent to j is
|Z] + 1. Butn is an odd integer. Thus n — ([?J + 1) is an odd integer if [?J is an odd
integer. Similarly, n — (]3] + 1) is an odd integer if || is an odd integer. Hence the
result follows.

Theorem 5.6. Let n be an odd integer. Then G}/ ,, is not Eulerian if
()m=2-j,wherej€e {3 +1,..,n}
@m=i-j,wherei,je{lZ]+1[7]+2,..,n}
@)m=i-j,wherei€{12,..,|2}andj€ {|3]+1,..,n}
(4m=i-j,wherei,j € {1,2,..,] 2]} and either || or [?J is an odd integer.

Proof. Follows from Lemma 5.2, Lemma 5.3, Lemma 5.4 and Lemma 5.5.

Theorem 5.7. Let n be an odd integer and G} ,, be a complete graph. Then G}, is
Eulerian.

Proof. As the graph G} , is complete, so the degrees of the vertices are n — 1, which
is even as n is odd. Hence G5!, is Eulerian.
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Theorem 5.8. Let n be an odd integer, m = p? (m > n), where p < |Z] is a prime
and |Z] is an odd integer, then G is Eulerian.

Proof. The proof follows from Lemma 4.4.
6. Balanced Conditions for G},

The average degree d(I") of a graph I' = (Vr,Ey) is defined as d(I") =

L .
M , Where v;e Vrfori =1,2,...,land [ = |V| is the order of the graph I".

In general, d(I") is not necessarily an integer. The authors in [2] defined the top of a
graph I' as u (I') = [d(I')], the balanced vertex set By = {v € V;:deg(v) =
u (M}, the upper vertex set Ur = {v € V:deg(v) > u (I')} and the lower vertex
setas Lp = {v € Vr:deg(v) < p(I')}. T issaid to be balanced graph if Ur = ¢
If not, I is a non-balanced graph. Thegap of I" is h(I") = l(u (I') — d(I")).

Theorem. 6.1. For t(e N) distinct pair of vertices i,j € V such that m =i -
j,(m >mn), where i, j € {[2+1],..,n}, the top of the graph G}, is n— 1.
Moreover GM . is balanced.

Proof. Let m=i, - j1=i; « j, =... =i¢ - i, Where iy, jq, i3, j2,-., Ues Je € {I5+LL, -,
n}. Then
using Lemma 4.6, we find, G,",{,n containn — t vertices of degree n — 1 and ¢ vertices

of degree n—2. So, the average degree of the graph Gj, is d (Gh,) =

—t) (n— . (n— 2_n—
{(n—t)- (n 711)+t n-2)} _n nn t _ n—l—%. Hence the top of Gr%n is
u(Ghy)=[d Gy =n—1,as [] = 0. Thus, the top of Gjl,, is u(Ghrn) =
n — 1, implies that G, ,, is balanced [2].

Theorem 6.2. Let m > n. The graph G{’,"’nln}is balanced if
(i) m is an odd prime;

(ii) m is a multiple of an odd prime p > n;

(iii) ? >n, where i < nisafactorof mandi € V;

(iv) m = p?, where p is an odd prime and |7/,|< p < n.

Proof. Easily the proof follows, as G}/ ,, is complete for all the cases by Theorem
4.1, implying d(Gpt )= (GH )=n — 1.

M. P. Damas et al. [2] mentioned that there are balanced and non-regular
graphs for which lower vertex set L # ¢. We observe that there are class of
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G » graphs which are non-regular but balanced and the lower vertex set
L# ¢.

Theorem. 6.3. For m > n and m = p?, where p is an odd prime and p < 3], the
graph G}, is balanced. Moreover, the independent vertex set of G, ,, form the lower
vertex set of the given graph.

Proof. Let m = p?, where p is an odd prime and p < [2]. Then G, ,, contains n —
[gj vertices of degree n — 1 and [gj vertices of degree n — [gj. Thus, the average

(-DE-GEOHBIe- L B B

degree d (G} )= — - Hence the top of the
graph Gy is pu (Gory) = [d(Gpl)] = n — 1, which implies G}, is balanced [2].
Assume [ = {x € V|x is a multipleof p} € V. Then the set I forms an
independent set as for any s;, s, € I, m| sy - s,. The cardinality of the set I is [gj

and the degree of any vertex s € T isn — |n/p] < n — 1. Thus, the lower vertex set
of Gy is 1.

Theorem. 6.4. Form > n, m = pq, wherep € {1,2,...,|2]}, g € {51 +1,...,n}
are odd primes, the graph G, is balanced.

Proof. Let m = pq, where p € {1,2,...,| 2|}, g € {|2] + 1, ...,n} are odd primes,
then the possible degrees are {n —1,n — [gj —-1,n-— [gj — 1}. Thus the average
degree  d(Gn)=—[(n—D(n— 12— L2+ 12D + (n— 12— D2 + (n—
21— D] =n—1—=2[2). But =[2]|2] = 0, as |2] = 1 and 2] < [2]. Hence
the Top of GJ . is w (GM ) = [d(G) )| = n — 1, which follows G}, is balanced.

Theorem 6.5.Letn <m < n(n—1)andm = 2B p,wherep € {|Z+1],..,n} <
V is a prime. Then G}, is non-balanced, if n is even and G, ,, is balanced, if n is
odd.

Proof. Let m =2 p, where p is a prime and p € {|3+1],..,n} S V. Using
Lemma 4.3, we find the average degree d (G} ,,) and the top u(Gh ) of Gy .

Let n be even. Then the average degree d(Gm ) = %{"7_2 n—1)+ g (n—2)+
"2;2} =n—2. The top of GJ1,, is u (G),) =[d(G)] = [n— 2] =n — 2. But the
vertex w = 1 € V is of degree n — 1, which implies G} , is a non-balanced graph

2.
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Let n be odd. Then the average degree d(GY, ) = 1/n{nT_1 n—1)+ "T_l(n —~
2) +n7_1} =n-2 +%. Thus, the top of GY,, is u (G),) =[d(6)] = [n— 2+

l] =n—2+ H = n — 1. Hence the result follows.
n n

As a consequence of Theorem 6.5, we find that the gap of the non-regular graph G} ,,
is zero.

Corollary 6.6. Letn <m < n(n—1)andm = 2- p, where p € {[3+1],... ,n} <
V is a prime. Then the gap of G, , is zero if n is even.

Proof. Letnbeevenandandm = 2 - p, wherep € {3+ 1],...,n} S Visaprime.
Then from Theorem 6.5, for the graph Gt ,,, u(GX,) = [d(G)=In—2]=n—
2. Thus, the gap h(GHi,) = n(u (Gy) —d(Gp,)) = 0.

7. Conclusion

In this paper, we have defined and studied an undirected graph GY, = (V,E),
where the vertex set V = {1, 2,...,n} forn, m € N and two distinct vertices i,j €
V are adjacent if and only if m + i - j. We observed that G} ,,is disconnected if m <
nand G}, is complete for m > n(n — 1). We studied vertex degree, edge degree,
diameter, Eulerian property of G, for various values of m. We found that G}/, is
a class of split graph for m = p? > n, where p < |Z] and for m =i - j, where i, j
are the unique factors of m such that i,j € {|2] + 1, 2]+ 2,..,n} S V. We also
observed that there are non-regular G} ,, graphs which are balanced.
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